Currently, about 60% of the finishing works for freeform parts are done manually, in this paper a parallel kinematic polishing machine (PKPM) with five degrees of freedom (DOFs) and with structural configurations of the type T3R2 (three translations and two rotations) is presented. The PKPM is a variation of the existing METROM Pentapod. The PKPM has a large yaw angle space and, with the aid of an NC rotation table, it can access any given point of the freeform part. A kinematic analysis is developed, an inverse dynamic model based on Kane's equation and the affine projection method is set up in detail, and a real-time and highly efficient inverse dynamic algorithm is developed; the simulation results show that the presented PKPM could achieve an acceleration which is twice that of gravity. A mixed 2 / ∞   control method is presented and investigated in order to track the error control of the inverse dynamic model; the simulation results from different conditions show that the mixed 2 / ∞   control method could achieve an optimal and robust control performance. This work shows that the presented PKPM has a higher dynamic performance than conventional machine tools.
Introduction
Parts with freeform surfaces, such as blades, impellers, moulds etc., have been popularly applied in modern industries. According to the statistics, 60% of the finishing works for parts with freeform surfaces are done by hand globally. The manual polishing process is not satisfactory for the rapid development of modern industry due to its instability, unreliability, inefficiency and high cost. High precision and flexibility are the most important avenues to explore for making the whole polishing industry more efficient, stable and reliable. High precision is the basis for the efficient implementation of the finishing process and flexibility ensures the finishing processes are optimized and their stability and reliability are controlled. Therefore, the development of an automatic polishing machine is very important to the manufacturing industry.
Recently, lots of research has focused on the automatic polishing process. An XYZ Desktop NC machine tool was designed by Fusaomi Nagata to polish the PET bottle mould [1] . A 5-DOF polishing machine, consisting of an XYZ desktop NC machine table and a two-axis polishing robot, was developed to carry out the polishing task for freeform surfaces [2, 3] . So far, many automatic polishing systems have been developed based on open architectural industrial robots [4, 5] ; both the dynamic performance and the precision of the industrial robot are quite poor due to its open-chain architecture.
The parallel manipulators are well known for their high speed, high structural rigidity and high precision etc. Parallel kinematic machines based on parallel manipulators begun to be used increasingly as innovative machining equipment over the last ten years, particularly for freeform parts. Much research focusing on PKMs, such as Delta, Tricept and METROM Pentapod, can be found in the literature [6] [7] [8] [9] [10] [11] . Y. Hu and B. Li used a robust design method to propose a hybrid kinematic machine with five DOFs based on the structural configuration of a 4PUS-1RPU parallel mechanism; both the kinematic and dynamic performance indices of the proposed mechanism were carried out [12] . H. Huang, B. Li et al. proposed a novel adaptive parallel manipulator with six DOFs and with a large tilting capacity [13] . The manipulator consists of four identical peripheral limbs and one doubly actuated centre limb. Due to the special architecture, the doubly actuated centre limb could have infinite inverse solutions. In every configuration of the end-effector, the manipulator can adapt its centre limb to the position and orientation with the best dexterity. B. Li, X. Yang et al. analysed the inverse kinematics, dexterity and developed a prototype for a proposed 5-DOF hybrid parallel kinematic machine [14] . Y. Li and Q. Xu introduced the passivity-based robust control method into the tracking control of the PKM with parametric uncertainties [15] .
The PKM-based polishing system has the characteristics of high flexibility, lower inertia, high stiffness performance and ease of control in the polishing process. The developed polishing system will be one of the most effective ways to achieve the goals with high precision and flexibility. D. Zhang designed a 3-DOF parallel manipulator with a small tilting angle and used an XY table to finish the freeform surface [16] . J. Zhao and M. Yu developed a hybrid polishing kinematics machine tool for freeform surface finishing [17, 18] . Liao Liang et al.
developed a dual-purpose compliant tool-head for PKM for polishing and deburring [19] .
In robotics technology, inverse dynamics modelling is one of the most important aspects for controlling a robot with high position precision [20, 21] . The classical computed torque is widely used in industrial robots for its easy realization and real-time control, the computed torque method with static gain is applied to the parallel manipulator to obtain the real-time tracking controller [22] . B. Achili et al. used the coupling of sliding modes and multi-layer perception neural networks to control the trajectory tracking of a C5 parallel robot without an inverse dynamic model [23] . H. Abdellatif et al. used a sliding mode to design the six DOFs parallel robot controller [24] . A robust ∞  method for tracking error control with disturbance is discussed in comparison to common robotic dynamic control [25, 26] .
In this paper a parallel kinematic polishing machine with the motion type of T3R2 and a redundant linear motion actuator in the moving platform is proposed, the modelling, and an analysis of the kinematics and the inverse dynamics of the PKPM are investigated in detail. This paper is organized as follows: the structural scheme of the parallel kinematic polishing machine (PKPM) is presented in section 2; then the kinematic modelling is developed and a dexterous workspace is obtained in section 3; in section 4 the inverse dynamics of the PKPM based on Kane's equation is developed, and the efficient inverse dynamics algorithm based on Kane's method is presented; in section 5 the mixed 2 / ∞   control method is introduced to the PKPM dynamic tracking error control and the performance of the mixed 2 / ∞   control method is discussed using simulations; the last section contains the conclusions.
Mechanism scheme
In this paper a mechanism scheme for the PKPM with a structural configuration of 4URHU-1URHR and a redundant translation is presented. The PKPM is shown in Fig. 1(a) , from the figure we can see that the presented PKPM is composed of a moving platform, a fixed platform and five kinematic chains which connect the moving platform and the fixed platform. In order to control the polishing force during the polishing process, the linear motion actuator in the moving platform of the PKPM is introduced to carry a spindle with the polishing tool attached. In addition, a numerical control (NC) rotary table is located in the middle of the fixed platform. The spindle with the polishing tool attached is installed on the moving platform. The illustrative diagram of the proposed PKPM is shown in Fig. 1(b) . The PKM is composed of five kinematic chains, the central kinematic chain L1 consists of a universal joint U, a revolute joint R, a helical joint H and a revolute joint R, the chain can be denoted as URHR and it has five DOFs. The chains of L2, L3, L4 and L5 are four identical 6-DOF kinematic chains denoted by URHU. According to screw theory, the DOF of the moving platform is the same as the central kinematic chain L1, which means that the PKM can provide five DOFs with three translations and two rotations. The actuator installed on the moving platform of the PKM provides the redundant linear motion.
A 3D model of the PKPM can be found in Fig. 2(a) . The detailed design of the moving platform is shown in Fig.  2 (b), the force sensor and the linear motor are mounted between the moving platform and the spindle, which are used to control the polishing force in the polishing process in order to guarantee that a high surface finish will be obtained. This paper will focus on the modelling and analysis of the dynamic performance of the PKPM in the polishing process.
A famous PKM, the METROM Pentapod, was proposed in 2002 [9] . The PKM structure of the PKPM in this paper is a variation of the METROM Pentapod. The differences between the METROM Pentapod and the PKPM can be described as follows. For the METROM Pentapod, the revolute joints of the kinematic chains connected to the moving platform are in a special configuration, the axes of the revolute joints of the four 6-DOF kinematic chains are collinear with the axis of the spindle, and the axis of revolute joint of the central 5-DOF kinematic chain is perpendicular to the spindle. This special arrangement means that the cutting moment along the axis of the spindle acting on the moving platform will only be carried out by the central kinematic chain, but the other four kinematic chains are not devoted to bearing the cutting moment, so the METROM Pentapod has a relatively low moment-load capability, so the METROM Pentapod is not very suitable for cases where a high cutting moment is carried.
The presented PKPM contains two parts: the 5-DOF parallel kinematic mechanism and the linear motion actuator, so the PKPM is the redundant parallel kinematic machine with six driving motors, the structural configuration of the 5-DOF end-effector is T3R2, and the redundant linear translation motion is used to control the polishing force. In order to enlarge the moment-load capability and the stiffness, a variation of the METROM matter what the position and orientation of the moving platform is, this configuration can ensure that all the kinematic chains bear the cutting force and moment, so the PKPM has a higher stiffness and a higher load capability than those of the METROM Pentapod.
Kinematic analysis of the PKPM

Parametric definitions and coordinate systems
As shown in Fig To obtain the velocity and acceleration of the moving platform described in the Cartesian coordinate system by the generalized variables, the intermediate variables 11 12 13 14 15 , , , , θ θ θ θ θ , which denote the joint angles of the central kinematic chain, are introduced to simplify the relationship between the velocity, the acceleration of the moving platform and the generalized variables.
Kinematic analysis of the central kinematic chain
Note that A1 ( For a given vector T , ,
, an operator v is introduced to simplify the calculation
So the angular velocity of the moving platform can be expressed as, 
The angular acceleration of the moving platform can be written as,
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According to Eq. (1) the velocity and the acceleration of 11 θ and 12 θ can be obtained, (5) and Eq. (7), the angular velocity of the moving platform can be expressed as,
The linear and angular velocity of the moving platform can be written as,
The angular acceleration p ε  of the moving platform can be obtained by Eqs. (4)- (8) . 
Velocity analysis of the kinematic mode
The first-order derivative of Eq. (12) with respect to t can be written as,
In Eq. (13) 
Take the inner product with (15), 
where K is a scalar, substituting Eq. (18) to Eq. (17) ( ) ( )
Eq. (17) 
Substituting Eq. (20) , ,
In order to calculate the angular velocities, the affine projection method is introduced to solve the affine coordinates. 
The angular velocity 
Acceleration analysis of the kinematic model
Take the first-order derivative of Eq. (13) with respect to t, we obtain, 
Take the inner product with , ,
In order to calculate the angular velocities, the affine projection method is used to solve the affine coordinates. 
3.5 Jacobian matrix and the workspace analysis 
then the kinematic Jacobian matrix can be obtained [ ] 
Inverse dynamics based on Kane's equation
The Kane's equation method
The Lagrange's equation and the Newton-Euler method are the most common and popular dynamic modelling methods in robotics. They are very efficient and convenient for dynamic systems with low degrees of freedom and few components. The Newton-Euler method requires an analysis of each component of the robot and needs to take the internal forces into account. Finally, it combines the dynamic equations of all the components to obtain the final dynamic equations. So it needs much more work in order to deal with lots of internal forces to obtain the final dynamic equations. The Lagrange's equation based on the energy function does not need to take the internal forces between the components of the robot into account, but it requires that we calculate the second-order derivatives of the Lagrange function. Therefore, the Lagrange's equation is low in efficiency for a system with high DOFs and lots of components. 
Velocity and acceleration of the PKPM components
The mass centre of the body is represented by "C"; each body mass centre of the parallel mechanism is essentially coincident with the geometric centre, so the geometric centre is regarded as the mass centre of the body. As the motion of the component , , 
To simplify the formula expression, we rewrite Eq.
(49) and Eq. (50) as Eq.(51): 
Force analysis
(1) Active force and inertia force of the moving platform
The cutting force and moment and gravity act on the moving platform in the polishing process, so the principal force of the moving platform is, 
2) Active force and inertia force of each component
The principal forces and moments acting upon component B ij can be expressed as, 
Driving torque simulation of inverse dynamics
Given the geometric parameters of the PKPM as shown in Table 1 , it is easy to calculate the mass and inertia of each component; the geometric and inertia parameters of the ball-screw and the hollow-shaft motor are known, and the inertia of the hollow-shaft motor is 3.8 Kg*m 2 and the limit torque is 15 N•m. The property parameters of every component are listed in Table 2 .
Suppose the load is just the gravity of the PKPM in the following inverse dynamic torque simulation. Let the moving platform make a circular motion on the plane parallel to the XY plane, and keep both ϑ and ϕ as zero, the centre of the moving platform is moving in a circular trajectory, The simulation results of the angular velocities and the driving moments of the motors are shown in Fig. 7 The radius and angular velocity of the circular motion is Fig. 8 . From Fig.8 (b) we can see that the driving moments are less than 6.5 N•m. The result also demonstrates that the PKPM can bear much higher acceleration, so that the presented PKPM has a high dynamic performance.
Tracking error control based on the inverse dynamics
Methods for tracking error control
Currently, there exist many control techniques, such as PID control, computed torque control, slide control, fuzzy control, robust control and so on. The parallel manipulator has a complex structure. From Eq.(62) we know that the dynamic parameters of the parallel mechanism are time-varying.
In the polishing process the trajectory of the polishing tool requires it to be smooth, as the sharp motion and vibration of the polishing tool will deeply affect the polishing precision. As is well known, the slide mode control keeps the robotic motion state around the sliding mode surface, but the switch function of the sliding mode control could make the robot, at a high-frequency, chatter around the sliding mode surface; the chattering would result in a low control accuracy and joint wear occurring quickly.
The friction component ( ) F q   in the dynamic model of Eq. (62) is the unknown force acting on the robot, on the other hand, the system parameters, determined by theoretical calculation, are not exactly the same as the real parameters, the difference between the nominal and the real parameters can be regarded as a perturbation to the parallel mechanism and there also exist various uncertain external disturbances in the polishing process. Taking into account all kinds of disturbances, the control method for the PKPM should be robust and adaptive to friction and perturbations; the control law should adapt the dynamical parameters of the PKPM in different configurations and velocities in the whole polishing process.
The control gain of the classical PID control method is a constant; hence the classical PID control gain does not satisfy the control of the dynamic parameters in the trajectory motion, so the adaptive control techniques should be introduced to compute the real-time dynamic control gain in order to obtain the optimal tracking error control. The computed torque control is a basic and effective control method in robotic control; with the measurement of the position and velocity of the robot it removes all the nonlinear components of the dynamic equations, so that the nonlinear dynamic control problem is changed into a linear control problem. The control laws of advanced robotic control methods are approximately based on the computed torque control model. In this paper the adapted robust control method with computed torque control is introduced to design the PKPM's trajectory controller.
Tracking error model and the mixed H2/H∞ control method
In order to simplify the discussion of designing a motion controller, the inverse dynamic Eq. (62) can be rewritten as,
where τ is used to denote drv drv J T  and q is used to denote q  for the purposes of simplification. The τ , and makes the system into a global asymptotic stability. The ∞  controller only considers the attenuation of the perturbation performance but not the tracking error performance. In contrast, the optimal control with 2  quadratic optimization only considers the tracking error performance but not the disturbance; the effect of the disturbance is always enlarged to the tracking error of the end-effector in the optimal control, because the optimal controller is used in the high gain control system in order to obtain the high responses. A Step function command Actually, the driving torque of the hollow-shaft motor is limited by the current passing through the motor, the limited torque of the hollow shaft motor is 15 N•m, hence, we add this torque limit into the dynamic simulation, the simulation results of the step command input are shown in Fig. 13(a) 
